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Abstract
We study 4D QED in which one spatial dimension is dynamically generated
from 3D action following the mechanism proposed by Arkani-Hamed, Cohen
and Georgi. In this model, the generated fourth dimension is discretized by
an interval parameter a. We examine the phenomenological constraint on
the parameter a from the collider experiments on the QED process e+e− !
γγ. It is found that the LEP2 experiments give the constraint 1=a> 461GeV.
Expected bound on the parameter a at the future e+e− linear collider is briefly
discussed.
1 Introduction
The idea of dynamical generation of extra dimension [1] has been applied to,
for example, grand unied theories [2], electroweak symmetry breaking [3], or
supersymmetry breaking [4], etc. From the high energy point of view, the extra
dimension is generated dynamically at low-energy scale as a consequence of a
certain fermion condensation mechanism [1]. On the other hand, from the low-
energy point of view, it seems that the space-time dimension will disappear above
the ultraviolet cut-o scale, in other words, the asymptotic disappearance of space-
time (ADST) occurs. In ref. [5], the condensation mechanism is naively applied to
the gauge theory in D dimensions, as well as the gravity theory in 3 dimensions.
A characteristic feature of the generated (D+1) gauge theory or 4D gravity owing
to this mechanism is that the generated dimension is discretized by an interval a1.
Application to gravity and the non-commutative geometry is further developed [7,
8].
In this paper, we study the eective 4D gauge theory in which one spatial
dimension is dynamically generated from the 3D action [5]. We restrict our study to
QED as a simplest and well tested gauge theory. In general, due to the discretized
spatial dimension, introduction of chiral fermions to the gauge theory causes so
called \doubling problem" [9]. Since there is no chiral fermion in QED, we are
not troubled by this problem. This is another reason why we focus on QED
in our study2. The appearance of the discretized extra dimension modies the
interactions between the photon and the electron. We rst summarize the Feynman
rules in the model and show that the modication occurs associated with the
direction of the extra dimension and the interval parameter a. It is explicitly
shown that the usual QED in 4D is restored in the continuum limit of the lattice
in the extra dimension. It is, therefore, worth to examine how large the size of
a is allowed phenomenologically. We study the annihilation process e+e− ! γγ
as a distinctive example of the QED process, and nd quantitative constraint on
the parameter a from the measurement of the total cross section of the process at
LEP2 experiments. The experimental data [10] tells us that the current constraint
on the parameter a is at most a few hundred GeV. We show that the future e+e−
linear collider may give a further bound on the parameter a around TeV scale.
1The idea of the discretized extra dimension has been proposed independently by ref. [6].
2However, an approach to construct the effective 4D Standard Model with chiral fermions by
controlling the doubling problem is proposed in ref. [5].
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This paper is organized as follows. In the next section, we briefly review the
mechanism of dynamical generation of the extra dimension. The eective 4D QED
generated from the 3D action based on the mechanism is also studied. In Sec. 3,
the annihilation process e+e− ! γγ is studied in the light of the measurement at
LEP2. Sec. 4 is devoted to summary.
2 QED with the dynamical generation of extra
dimension
2.1 The dynamical generation of extra dimension
We briefly review how 4D gauge theory is derived from the 3D action following
refs. [1, 5]. First let us consider a 3 dimensional gauge theory which consists of






);   , with gauge coupling constants g and gs, respectively.
The Weyl fermion (m; ‘) has the quantum numbers of two dierent gauge groups
located at the sites labelled by m and ‘. Two symbols in the parenthesis are to
represent that (m; ‘) belongs to a fundamental representation of the gauge group
at the site m and an anti-fundamental representation of the gauge group at the
site ‘. The symbols m and ‘ always dier by 1
2
so that the fermion  connects the
neighbouring G and Gs. In the following, we x G = SU(m) and Gs = SU(ns) for
deniteness. We depict the diagrammatic description of the model in Fig. 1. The
outgoing fermion from G(n), (n; n + 1
2
), is in the fundamental representation of









; n), is in the fundamental
and the anti-fundamental representations of SU(ns) at n+
1
2
and SU(m) at n+ 1,
respectively. The gauge coupling gs becomes strong below a certain low energy s
and, as a result, it leads to the fermion condensation whose vacuum expectation








; n + 1)i  U(x;n; n + 1); (2.1)
where fs is the decay constant. Now U(x;n; n + 1) plays the role of a link eld
between G(n) and G(n + 1). We identify the set of discrete points connected



























Figure 1: Diagrammatic description of the representation of the fermion  under
the two dierent gauge groups, G = SU(m) and Gs = SU(ns). The outgoing
fermion (n; n + 1
2
) from G(n) is in the fundamental and the anti-fundamental
representations of SU(m) at n and SU(ns) at n +
1
2
, respectively. On the other
hand, the outgoing fermion (n+ 1
2
; n) from Gs(n+
1
2
) is in the fundamental and
the anti-fundamental representations of SU(ns) at n +
1
2
and SU(m) at n + 1,
respectively.
energy eective action below s is given as follows















(DiU(x;n; n + 1))
y (DiU(x;n; n + 1))] ; (2.2)
where i; j = 0; 1; 2. The rst line of (2.2) is the action of 3D gauge eld while
second line is the action for the dynamically generated link eld U(x;n; n + 1).
The covariant derivative in (2.2) is dened by
Di  @i + iAi(x; n)U(x;n; n + 1)− iU(x;n; n + 1)Ai(x; n + 1): (2.3)
It is easy to see that eq.(2.2) is essentially the 4D action for the gauge eld of
G, where the third spatial dimension is discretized. By noting U(x;n; n + 1) =
eiaA3(x:n) and expanding eq.(2.2) in a small dimensionful parameter a, the action
could be written as








+ (higher order terms in a); (2.4)









2.2 Effective 4D QED
Let us write down the eective 4D QED using the dynamically generated extra
spatial dimension following Sec. 2.1. The action for the gauge kinetic term, Sg, is
already shown in the previous subsection for SU(n) gauge group (see, eq. (2.4)).
















2aK  (x; n)iγiDi(A(n)) (x; n)−  (x; n) (x; n)
)
; (2.7)
where i; j = 0; 1; 2 and we introduce the hopping parameter K instead of the
fermion mass parameter. The covariant derivative in (2.7) is dened by
Di  @i + ieAi: (2.8)
After the fermion condensation occurs as in eq. (2.1), the link eld U(x;n; n + 1)
connects two fermions at the dierent sites n and n+1. Then, the following pieces








 (n)iγ3U(n; n+ 1) (n+ 1)










 (n)U(n; n + 1) (n+ 1)
+  (n + 1)U(n; n+ 1)y (n)
)
; (2.9b)
Identifying the link led U as the third spatial component of the photon eld
U(x;n; n + 1) = eiaeA3(x:n); (2.10)
we obtain the eective 4D QED action for small a, which has a discretized spatial
dimension with the interval a.
2.3 Feynman rules
The Feynman rules of the eective QED with a discretized spatial dimension could
be found from the actions (2.6), (2.7) and (2.9). Because of the discretized spatial
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dimension, the Lorentz invariance is manifestly violated for the nite size of a
so that the interaction between photon and electron are dierent from the usual
QED.
 Photon propagator
The photon propagator is given by (2.6). Taking account of the discrete
dimension, the derivative of the gauge eld associated with the third spatial
axis should be replaced by the dierence between the gauge elds at two


















where the second term of the denominator in (2.11a) reflects the latticized
dimension. To use of the notation
k˜µ =
(
















allows us to have the familiar form of the photon propagator (2.11b).
 Electron propagator
We nd the electron propagator from eqs. (2.7) and (2.9), by rescaling the
fermion elds canonically. The discrete dimension gives






f(1− 2K cos(p3a)g (2.13a)
= /˜p−m; (2.13b)
where










f(1− 2K cos(p3a)g : (2.14b)
Note that the third component of the electron momentum p˜3 has a dierent
form from the photon momentum k˜3 in eq. (2.12).
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 electron-electron-photon vertex
The eeγ vertex is modied associated with the non-canonical form in the
third component of the momentum. The momentum dependent vertex func-















where p and k are the incoming electron and photon momenta, respectively.
The outgoing electron momentum is p+ k.
 Photon polarization sum and the spin sum of the spinors
It is rather straightforward to nd the rules of the polarization sum of the
photon and the spin sum of the spinors. They could be driven from the total





ν() = −gµν −
k˜µk˜












k˜  n ; (2.16)
where n = (1; 0; 0; 0). The spin sum of the spinors are given by
∑
spin
u(p)u(p) = /˜p+m; (2.17a)
∑
spin
v(p)v(p) = /˜p−m: (2.17b)
 Ward identity
The momentum dependence of the eeγ vertex (2.15) gives rise to somewhat
dierent form of the Ward identity. Taking account of the complex parameter
k˜µ as the \momentum" of the photon, we nd that there are two expressions
of the Ward identity corresponding to the incoming and the outgoing photon:
−ik˜µΓµ = S−1F (p+ k)− S−1F (p); (2.18a)
+ik˜µΓ
µ = S−1F (p− k)− S−1F (p); (2.18b)
where (2.18a) and (2.18b) correspond to the vertices shown in Fig. 2(a)
and 2(b), respectively. Owing to these Ward identities, we can understand
that the eective 4D QED having dynamically generated spatial dimension









Figure 2: The eeγ vertices corresponding to the Ward identities in eq. (2.18a) (a)
and in eq. (2.18b) (b).
3 e+e− ! γγ in the effective 4D QED
In this section, we study the annihilation process e+e− ! γγ taking account of
the discrete third spatial dimension. Since, as shown in the previous section, the
usual 4D QED is restored in the continuum limit of the third spatial dimension,
which corresponds to a ! 0 limit, we examine how the dierential cross section
of the process is modied for the nite size of the interval parameter a. The
presence of nite a leads to the explicit violation of the Lorentz invariance in 4D.
We, therefore, restrict our study to a small size of a because it has not been found
yet the evidence of the Lorentz symmetry violation. Furthermore, we take the
massless electron limit for simplicity. In the massless electron limit, the gauge
invariance requires to drop the part of the eeγ vertex function (2.15) which is not
proportional to γ3, because that is a counter part of the mass parameter in the
propagator to make the Ward identity available in the original form (2.18). For
the incoming photon with the momentum k, the vertex function in the massless










As is similar to the usual QED, there are t- and u-channel diagrams in the
process e+e− ! γγ. The Feynman diagrams for both channels are shown in
Fig. 3. The total amplitude is given by
iM = (Mµν(t) +Mµν(u)) µ(p
0)ν(k
0); (3.2)
where Mµν(t) and Mµν(u) are the t- and u-channel amplitudes without the photon
polarization vectors, respectively, and they are found to be
Mµν(t)  −e2v(p˜)ΓµSF (k − k0)Γνu(k˜); (3.3a)





























Figure 3: Feynman diagrams for the annihilation process e+e− ! γγ. The t-
channel and the u-channel diagrams are shown in (a) and (b), respectively.
From the gauge invariance, the following relations hold as usual QED when we
employ p˜0 and k˜0 as the photon \momentum"
p˜0µ (M
µν(t) +Mµν(u)) = k˜0ν (M
µν(t) +Mµν(u)) = 0: (3.4)
In practice, we take a small a limit: we expand the photon momentum (2.12),
the electron momentum (2.14a) and the eeγ vertex function (3.1) in the parameter
a and consistently drop the higher order terms in the amplitudes. Then, in the
center-of-mass (CM) system, the squared amplitude is given by
jM j2 = 2e4
(
1 + cos 
1− cos  +
1− cos 













1 + cos 
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1− cos2  ; (3.5)
where  denotes the scattering angle which is dened as in Fig. 4. The rst line
in r.h.s. is consistent with the usual QED, while the other lines correspond to
the correction terms due to the latticized dimension. The second and third lines
are found from the t- and u-channel diagrams, respectively, while the last line
is the interference of two diagrams, which must be absent in the usual QED.
In the usual QED, it is well known that the squared amplitude of the u-channel
diagram in the CM system is obtained from that of the t-channel diagram, replacing
the scattering angle cos  by − cos  (see, the rst line in (3.5)). We nd that
correction terms of t-channel (second line) and u-channel (third line) also satisfy

































Figure 4: Momentum assignment of the process e+e− ! γγ in the CM system.
The parameters A and B account for the change of the dispersion relation in this
model. The explicit forms of them are given in eq. (3.7).
under the replacement of  by  − , showing that there is no parity violation in
the eective 4D QED.
As shown previously, the dispersion relations between the energy and the mo-
mentum for photon and electron take the dierent forms associated with the nite
interval parameter a. This tells us that the assignment of the four momenta in a
specic frame is aected by the nite a parameter. In Fig. 4, we show the mo-
mentum conguration in the CM system explicitly. The four momenta receive the





















where A and B are dened as









The nite a corrections are reflected to the beam flux factor and the phase space
integration in the CM system. Taking account of eqs. (3.6) and (3.7), the dier-
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Figure 5: The interval parameter a of the discretized extra dimension as a function
of
p
s constrained from the total cross section of the process e+e− ! γγ. We
assume that the cross section normalized by the QED prediction is measured in
the 5% accuracy. The bottom horizontal line denotes the constraint on a−1 from
the LEP2 experiments. The middle horizontal line is the expected lower bound
on a−1 at 500GeV e+e− linear collider, while the top horizontal line corresponds
to the bound on a−1 at 1TeV e+e− linear collider.










(cos4  + 16 cos2  + 12)
}
jM j2: (3.8)
The total cross section of e+e− ! γγ has been measured at LEP2 [10], in which
the experiment has been done for the scattering angle j cos j < 0:9. We nd the
total cross section within this range of cos  as

QED
 1 + 0:30sa2; (3.9)






In ref. [10], the total cross section is measured at
p
s = 189GeV. When the
measured total cross section is normalized by the QED prediction, the error is
about 5% [10]. Then it constrains the parameter a as
0:30sa2 < 0:05 for
p
s = 189GeV
=) 1=a> 461GeV: (3.11)
From its dimensionality, the parameter a always appears as a product with the
CM energy (
p
s) and the correction to the physical observables appears in O(sa2).
This is because a! −a means the parity transformation p3 ! −p3 which is kept
invariant in this eective 4D QED. Then, the constraint on the a-parameter will
be much stronger than (3.11) as the beam energy increases if the cross section
is measured as precisely as the LEP2 experiment [10]. We show in Fig. 5 the
parameter a−1 in the unit of GeV as a function of the beam energy
p
s(GeV). In the
gure, we assume that the experimental error of the total cross section normalized
by the QED prediction is 5%. The bottom horizontal line in the gure corresponds
to the lower bound on a−1 from the LEP2 experiment performed at
p
s = 189GeV,
eq.(3.11). As is mentioned, the lower bound on a−1 signicantly increases for the
higher
p
s. We show the middle and the top horizontal lines as the expected
constraints on a−1 from the future e+e− linear collider at
p
s = 500GeV and 1TeV,
respectively. The constraint on the parameter a is found to be 1=a> 1:2TeV at the
500GeV linear collider, while the 1TeV linear collider will cover the a parameter
less than (2:4TeV)−1.
4 Summary
In this paper, we have studied the 4D QED in which the third spatial dimension is
dynamically generated owing to the mechanism for the certain fermion-pair con-
densation proposed in ref. [1]. The direct consequence to employ this mechanism
is that the dynamically generated extra dimension is discretized by the interval
parameter a. We have derived the eective 4D QED action explicitly, and shown
the Feynman rules which take dierent forms from those in the usual QED due
to the latticized fourth dimension. Taking account of the discrete third spatial
dimension, we examined the QED process e+e− ! γγ and found the quantitative
constraint on the interval parameter a from the LEP2 experiment. The constraint
on the interval parameter is found to be 1=a> 461GeV, and the constraint will
be stronger at future e+e− linear collider. If the linear collider could measure the
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total cross section of the process accurately as LEP2, the size of the lattice in the
third spatial dimension will be bounded as: 1=a> 1:2TeV for
p




The nite size of a modies the dispersion relation and it indicates the violation
of the Lorentz invariance. The possibility of violation of the Lorentz invariance
has been examined and two unexplained phenomena in modern astrophysics, such
as the ultra high-energy cosmic rays beyond the GZK cut-o of 1020eV, or 20TeV
γ-ray from the active galaxy of Markarian 501, may be understood by the Lorentz
symmetry violation [11]. The interpretation of them in the framework of our model
will be done elsewhere [12].
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